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Partition Identities Preliminaries from CA Proof of the J-Generalization of the GGA Identities

Partition
Definition 1 (Partition of a positive integer).
A partition of a positive integer n is a finite non-increasing sequence of
positive integers (λ1, λ2, . . . , λℓ) such that

λ1 + λ2 + · · · + λℓ = n.

Let p(n) denote the number of partitions of n.
By convention, we take p(0) := 1.

Example 2.
The partitions of 5 are: 5

4 + 1
3 + 2
3 + 1 + 1
2 + 2 + 1
2 + 1 + 1 + 1
1 + 1 + 1 + 1 + 1.

Thus, p(5) = 7.
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Partition Identities Preliminaries from CA Proof of the J-Generalization of the GGA Identities

Generating function

Definition 3 (Generating function).
For an ∈ C, n ≥ 0, the generating function for the sequence (an)n≥0 is the
power series ∑

n≥0

anqn.

“A generating function of a sequence is a clothesline on which you
hang all elements of the sequence.” (Herbert Saul Wilf)
The generating function for the partition function p(n) (due to Euler),
for |q| < 1, is given by

∞∑
n=0

p(n)qn =

∞∏
n=1

1
1 − qn =

1
(q; q)∞

,

where (a; q)m =

m∏
n=1

(1 − aqn−1), with m ∈ N ∪ {∞}.
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Generating function for p(n)

∞∏
n=1

1
1 − qn

=
1

1 − q1 ×
1

1 − q2 ×
1

1 − q3 × · · ·

= (1+q1·1+q2·1+q3·1+· · · )(1+q1·2+q2·2+q3·2+· · · )(1+q1·3+q2·3+q3·3+· · · ) · · ·

= 1 + (q1·1) + (q2·1 + q1·2) + (q3·1 + q1·1+1·2 + q1·3) + · · · + qr1·1+r2·2+r3·3+···+rm·m + · · ·

=

∞∑
n=1

p(n)qn.
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Partition Identities

Definition 4 (Partition Identity).
A partition identity is an equality for every n between the number of the
partitions of an integer n satisfying a certain condition A and the number of
partitions of n satisfying another condition B.

This type of identities play an important role in many areas such as
number theory, combinatorics, representation theory, statistical
mechanics, algebraic geometry and commutative algebra.
For detailed list of partition identities, see, Chapter 1 (p. 13) of

¬ G. E. Andrews, The theory of partitions, Cambridge Mathematical
Library, Cambridge University Press, Cambridge, 1998. Reprint of
the 1976 original.
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Euler’s Partition Identity

Let po(n) denote the number
of partitions of n into odd
parts.

For example, po(5) = 3, with
relevant partitions being
5,
3 + 1 + 1,
1 + 1 + 1 + 1 + 1.
∞∑

n=0

po(n)qn =
∏
n≥1

1
1 − q2n−1 .

Let pd(n) denote the number
of partitions of n into distinct
parts.
For example, pd(5) = 3, with
relevant partitions being
5,
4 + 1,
3 + 2.
∞∑

n=0

pd(n)qn =
∏
n≥1

(1 + qn).

Theorem 5 (Euler (1741)).
For all n ≥ 0,

po(n) = pd(n).
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A proof of Euler’s Partition Identity-I

∞∑
n=0

pd(n)qn =
∏
n≥1

(1 + qn)

=
∏
n≥1

(1 + qn) ×
1 − qn

1 − qn

=
∏
n≥1

1 − q2n

1 − qn

=
∏
n≥1

1
1 − q2n−1

=

∞∑
n=0

po(n)qn.
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A proof of Euler’s Partition Identity-II

Let Po(n) (resp. Pd(n)) denote the set of odd partitions (resp. distinct)
of n.

Define, Ψn : Pd(n)→ Po(n):
For any λ ∈ Pd(n), if there is an even part in λ, say m, then write

m = 2i · j = j + j + · · · + j (2i times),

(j odd). And, we get the partition Ψn(λ) ∈ Po(n).
Therefore, |Pd(n)| ≤ |Po(n)|.

Example 6.
Ψ6 : Pd(6)→ Po(6):

6 = 2 · 3 7→ 3 + 3
5 + 1 = 5 + 1 7→ 5 + 1
4 + 2 = 22 · 1 + 2 · 1 7→ 1 + 1 + 1 + 1 + 1 + 1

3 + 2 + 1 = 3 + 2 · 1 + 1 7→ 3 + 1 + 1 + 1.
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A proof of Euler’s Partition Identity-II
Any partition can be written as

f1 · 1 + f2 · 2 + f3 · 3 + f4 · 4 + f5 · 5 + · · · ,

where fi represents the number of appearances of i in the partition.

For example,

6+3+3+3+3+2+1+1+1 = 3·1+1·2+4·3+0·4+0·5+1·6+0·7+· · · .

Define, Φn : Po(n)→ Pd(n):
For any f1 · 1 + f3 · 3 + f5 · 5 + · · · ∈ Po(n), replace fi with its binary
expansion ai,0 · 1 + ai,1 · 2 + ai,2 · 4 + ai,3 · 8 + · · · (ar,s ∈ {0, 1}):

f1 · 1 + f3 · 3 + f5 · 5 + · · ·
= (a1,0 · 1 + a1,1 · 2 + a1,2 · 4 + a1,3 · 8 + · · · ) · 1
+ (a2,0 · 1 + a2,1 · 2 + a2,2 · 4 + a2,3 · 8 + · · · ) · 3
+ (a3,0 · 1 + a3,1 · 2 + a3,2 · 4 + a3,3 · 8 + · · · ) · 5 + · · ·
= a1,0 + 2a1,1 + 3a2,0 + 4a1,2 + 5a5,0 + 6a3,1 + 7a7,0 + · · · ∈ Pd(n).

Therefore, |Po(n)| ≤ |Pd(n)|.
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Partition Identities Preliminaries from CA Proof of the J-Generalization of the GGA Identities

A proof of Euler’s Partition Identity-II

Example 7.
Φ6 : Po(6)→ Pd(6):

5+1 = 1·1 + 1 · 5 7→ (20) · 1 + (20) · 5 = 1+5
3+3 = 2 · 3 7→ (21) · 3 = 6

3+1+1+1 = 3 · 1 + 1 · 3 7→ (20 + 21) · 1 + (20) · 3 = 1+2+3
1+1+1+1+1+1 = 6 · 1 7→ (21 + 22) · 1 = 2+4.

Hence, |Po(n)| = |Pd(n)|, which implies po(n) = pd(n).
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Glaisher’s Partition Identity

Theorem 8 (Glaisher).

Let k ≥ 2 be an integer. Let p∤k(n) denote the number of partitions of n with
parts not divisible by k and let p<k(n) denote the number of partitions of n
where no part appears d times or more. Then

p∤k(n) = p<k(n).

Euler’s partition identity (k = 2): p∤2(n) = po(n) = pd(n) = p<2(n).
Proof I:

∞∑
n=0

p<k(n)qn =
∏
n≥1

(1 + qn + · · · + q(k−1)n) =
∏
n≥1

1 − qkn

1 − qn

=
∏
n≥1
k∤n

1
1 − qn =

∞∑
n=0

p∤k(n)qn.

Proof II: Glaisher’s bijection.
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Rogers-Ramanujan Identities

(I)
∞∑

n=0

qn2

(q; q)n
=

1
(q; q5)∞(q4; q5)∞

,

(II)
∞∑

n=0

qn2+n

(q; q)n
=

1
(q2; q5)∞(q3; q5)∞

.

Rogers (1894) proved these identities.
Ramanujan (1913) rediscovered these identities (without proof).
Ramanujan (1917) found Roger’s 1894 paper (still without proof).
“Ramanujan had then no proof, and none of the mathematicians to
whom I communicated the formulae could find one.” (Hardy)
MacMahon published the identities (without proof) in a famous text.
Schur (1917), in the meantime, independently rediscovered the
identities and published two proofs, one of which was combinatorial.
Rogers and Ramanujan (1917-18) found two much simpler proofs.
Bailey (1947-49) systematically studied and generalized Roger’s work.
Slater (1952) published a list of 130 identities of RR type.
From then the list is becoming longer and longer.
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Rogers-Ramanujan Identities

Theorem 9 (1st Rogers-Ramanujan Identity).
The partitions of an integer n in which the difference between any two parts
is at least 2 are equinumerous with the partitions of n into parts congruent to
±1 (mod 5).

Analytic analogue:
∞∑

n=0

qn2

(q; q)n
=

1
(q; q5)∞(q4; q5)∞

.

Theorem 10 (2nd Rogers-Ramanujan Identity).
The partitions of an integer n in which each part exceeds 1 and the
difference between any two parts is at least 2 are equinumerous with the
partitions of n into parts congruent to ±2 (mod 5).

Analytic analogue:
∞∑

n=0

qn2+n

(q; q)n
=

1
(q2; q5)∞(q3; q5)∞

.
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Andrews-Gordon Identities

Theorem 11 (Gordon, Amer. J. Math. (1961)).

The number of partitions of n into parts not congruent to 0, ±i
(mod 2r + 1), where 1 ≤ i ≤ r, is equal to the number of partitions
(λ1, λ2, . . . , λs) of n such that λm − λm+r−1 ≥ 2, and λs−i+1 ≥ 2.

The case r = 2 in Theorem 11 gives the RR identites.

Theorem 12 (Andrews, Proc. Nat. Acad. Sci. USA (1974)).
let r ≥ 2 and 1 ≤ i ≤ r be two integers. We have

∑
n1≥···≥nr−1≥0

qn2
1+···+n2

r−1+ni+···+nr−1

(q; q)n1−nr · · · (q; q)nr−2−nr−1 (q; q)nr−1

=
(q2r+1, qi, q2r−i+1; q2r+1)∞

(q; q)∞
.

Here, we use the notation (a1, a2, . . . , ak; q)∞ = (a1; q)∞(a2; q)∞ · · · (ak; q)∞.
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Göllnitz-Gordon identities
Gordon [Duke Math. J. (1965)] and Göllnitz [J. Reine Angew. Math.
(1967)] independently discovered the Göllnitz-Gordon identities.

Theorem 13 (1st Göllnitz-Gordon identity).
The number of partitions of any positive integer n into parts congruent to 1,
4, 7 (mod 8) is equal to the number of partitions (λ1, λ2, . . . , λs) of n such
that λm − λm+1 ≥ 2, and λm − λm+1 ≥ 3 if λm is even.

Analytic analogue:
∞∑

n=0

qn2
(−q; q2)n

(q2; q2)n
=

1
(q; q8)∞(q4; q8)∞(q7; q8)∞

.

Theorem 14 (2nd Göllnitz-Gordon identity).
The number of partitions of any positive integer n into parts congruent to 3,
4, 5 (mod 8) is equal to the number of partitions (λ1, λ2, . . . , λs) of n such
that λs ≥ 3, λm − λm+1 ≥ 2, and λm − λm+1 ≥ 3 if λm is even.

Analytic analogue:
∞∑

n=0

qn2+2n(−q; q2)n

(q2; q2)n
=

1
(q3; q8)∞(q4; q8)∞(q5; q8)∞

.
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Göllnitz-Gordon-Andrews identities

Andrews [Proc. AMS (1967)] generalized the GG identities.

Let r and i be positive integers with 1 ≤ i ≤ r. Let Cr,i(n) denote the
number of partitions of n into parts which are not congruent to 2
modulo 4 and also not congruent to 0 or ±(2i − 1) modulo 4r.
Let Dr,i(n) denote the number of partitions (λ1, λ2, . . . , λs) of n
satisfying the following conditions:

1 No odd part is repeated,
2 λm − λm+r−1 ≥ 2 if λm is odd,
3 λm − λm+r−1 ≥ 3 if λm is even, and
4 at most i − 1 parts are equal to 1 or 2.

Theorem 15 (Göllnitz-Gordon-Andrews identities).

Let r and i be positive integers with 1 ≤ i ≤ r. Then Cr,i(n) = Dr,i(n), for all
n ≥ 0.

The case r = 2 in Theorem 15 gives the GG identities.
The case r = 1 leads to trivial identity 1 = 1. We take r ≥ 2.
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Theorem 15 (Göllnitz-Gordon-Andrews identities).

Let r and i be positive integers with 1 ≤ i ≤ r. Then Cr,i(n) = Dr,i(n), for all
n ≥ 0.

The case r = 2 in Theorem 15 gives the GG identities.
The case r = 1 leads to trivial identity 1 = 1. We take r ≥ 2.



18

Partition Identities Preliminaries from CA Proof of the J-Generalization of the GGA Identities
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Rogers-Ramanujan type Identities

Theorem 16 (Wang-Wang, arXiv:2402.06253v1).
We have ∑

i,j,k≥0

q
1
2 i2+j2+4k2+ij+2jk+ 1

2 i+j

(q; q)i(q; q)j(q2; q2)k
=

(q8, q12, q20; q20)∞
(q; q)∞

,

∑
i,j,k≥0

q
1
2 i2+j2+4k2+ij+2jk+ 1

2 i+j+4k

(q; q)i(q; q)j(q2; q2)k
=

(q4, q16, q20; q20)∞
(q; q)∞

.
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Graded Ring and Graded Algebra

Definition 17 (Graded ring).
A graded ring is a ring A together with a family (Aj)j≥0 of subgroups of the
additive group of A, such that A =

⊕∞

j=0 Aj and Aj1 Aj2 ⊆ Aj1+j2 for all
j1, j2 ≥ 0.

Remark 18.
A non-zero element of Aj is said to be homogeneous element of degree j.

Definition 19 (Graded algebra).

Let F be a field. A graded ring A =
⊕∞

j=0 Aj is called a graded F-algebra if it
is also an F-algebra, and Aj is a vector space for all j ≥ 0 with A0 = F.
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Homogeneous ideal

Definition 20 (Homogeneous ideal).
An ideal I of a graded ring A is called homogeneous if it is generated by
homogeneous elements.

Remark 21.
1 A homogeneous ideal I is the direct sum of its homogeneous parts

Ij = I ∩ Aj, i.e., I =
⊕∞

j=0 Ij.

2 If I is a homogeneous ideal of a graded ring A, then the quotient ring A
I

is also a graded ring, decomposed as

A
I
=

∞⊕
j=0

Aj

Ij
.
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Hilbert-Poincaré series

Definition 22 (Hilbert-Poincaré series).

Let F be a field of characteristic zero and A =
⊕∞

j=0 Aj be a graded F-algebra
such that dimF(Aj) < ∞. Then the Hilbert-Poincaré series of A is

HPA(q) :=
∑
j≥0

dimF(Aj)qj.
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An Example

Let F be a field of characteristic zero.

S := F[x1, x2, x3, . . .].
Sk := F[xk, xk+1, xk+2, . . .].
By (S)j (resp. (Sk)j) we mean the homogeneous part of degree j of the
graded algebra S (resp. Sk).

Definition 23 (Weight of a polynomial).

The weight of the monomial xα1
i1
· · · xαm

im
∈ F[x1, x2, . . .] is defined as∑m

k=1 ikαk. A polynomial f (x) ∈ F[x1, x2, . . .] is said to be a homogeneous
polynomial of weight a if every monomial of f (x) has the same weight a.

Example 24 (Gradation by weight).

S := F[x1, x2, . . .] is a graded by weight, i.e., S =
⊕∞

j=0(S)j, where (S)j is the
set of polynomials of weight j along with zero polynomial.
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graded algebra S (resp. Sk).

Definition 23 (Weight of a polynomial).

The weight of the monomial xα1
i1
· · · xαm

im
∈ F[x1, x2, . . .] is defined as∑m

k=1 ikαk. A polynomial f (x) ∈ F[x1, x2, . . .] is said to be a homogeneous
polynomial of weight a if every monomial of f (x) has the same weight a.

Example 24 (Gradation by weight).

S := F[x1, x2, . . .] is a graded by weight, i.e., S =
⊕∞

j=0(S)j, where (S)j is the
set of polynomials of weight j along with zero polynomial.
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An Example
Example 25.
The Hilbert-Poincaré series of S := F[x1, x2, . . .] is equal to the generating
function of the partiiton function p(n). That is

HPS(q) =
∑
j≥0

dimF((S)j)qj =

∞∑
j=0

p(j)qj =
∏
n≥1

1
1 − qn .

As there is a bijection between

T(S)j :=

xl1 xl2 · · · xlm ∈ S | l1 ≥ l2 ≥ · · · ≥ lm, m ∈ N, and
m∑

p=1

lp = j


and

Tp(j) :=

(l1, l2, . . . , lm) | l1 ≥ l2 ≥ · · · ≥ lm, m ∈ N, and
m∑

p=1

lp = j

 .
Therefore,

dimF((S)j) = |T(S)j | = |Tp(j)| = p(j).
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Generating function of Cr,i(n)

For 1 ≤ i ≤ r, define

Ci(q) :=
∏

m≥1, m.2 (mod 4)
m.0, 2r±(2i−1) (mod 4r)

1
1 − qm .

For 1 ≤ i ≤ r,

Cr−i+1(q) =
∏

m≥1, m.2 (mod 4)
m.0, ±(2i−1) (mod 4r)

1
1 − qm .

is the generating function of Cr,i(n).
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J-Generalization of Ci(q)

For J ≥ 1, Coulson et al. [Ramanujan J. (2017)] defined:
For i = 1

C(r−1)J+1(q) = C(r−1)(J−1)+r(q)

and for i = 2, . . . , r

C(r−1)J+i(q) =
C(r−1)(J−1)+r−i+1(q) − C(r−1)(J−1)+r−i+2(q)

q2J(i−1) −
C(r−1)J+i−1(q)

q
.
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Er,i,J(n) as a generalization of Dr,i(n)

Let r, i, and J ≥ 0 be integers such that 1 ≤ i ≤ r.

Let Er,i,J(n) denote the number of partitions (λ1, λ2, . . . , λs) of n
satisfying the following conditions:

1 No odd part is repeated,
2 λm − λm+r−1 ≥ 2 if λm is odd,
3 λm − λm+r−1 ≥ 3 if λm is even,
4 all parts are greater than 2J, and
5 at most i − 1 parts are equal to 2J + 1 or 2J + 2.

Let Er,i,J(q) denote the generating function of Er,i,J(n).
We note that Er,i,0(n) = Dr,i(n).
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J-generalization of GGA Identities

The following theorem gives more general identities than the
Göllnitz-Gordon-Andrews identities.

Theorem 26 (Coulson et al., Ramanujan J. (2017)).

For any nonnegative integer J and 1 ≤ i ≤ r, we have

C(r−1)J+ℓ(q) = Er,i,J(q),

where ℓ = r − i + 1.

The case J = 0 in Theorem 26 gives the Göllnitz-Gordon-Andrews
identities.
It is not known if C(r−1)J+ℓ(q) for J ≥ 1 is generating function of some
partition function.
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The ideal Lr,i,J

Let a, b, c, n1, and n2 be integers. For r ≥ 2, 1 ≤ i ≤ r, and a fixed
nonnegative integer J, we take the ideal

Lr,i,J :=
(
x2

2J+1, x2J+1xi−1
2J+2, xi

2J+2, x2
2a−1, x2b−1xr−1

2b , xr−n1
2c xn1

2c+2,

xr−n2−1
2c x2c+1xn2

2c+2 : 2a − 1, 2b − 1, 2c ≥ 2J + 2; 0 ≤ n1 ≤ r − 1; 0 ≤ n2 ≤ r − 2
)
.

Lr,i,J is a homogeneous ideal of S2J+1.
S2J+1
Lr,i,J

is a graded algebra.

dimF

(
S2J+1

Lr,i,J

)
j
= dimF

(
(S2J+1)j

(Lr,i,J)j

)
≤ dimF((S2J+1)j) ≤ dimF((S)j) = p(j) < ∞.
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HP S2J+1
Lr,i,J

(q)

This indicates the existence of Hilbert-Poincaré series of S2J+1
Lr,i,J

:

HP S2J+1
Lr,i,J

(q) =
∑
j≥0

dimF

(
S2J+1

Lr,i,J

)
j
qj.

Lr,i,J is generated by x2
2J+1, x2J+1xi−1

2J+2, xi
2J+2 and the monomials of the

form
x2

2a−1, x2b−1xr−1
2b , xr−n1

2c xn1
2c+2, xr−n2−1

2c x2c+1xn2
2c+2

such that 2a − 1, 2b − 1, 2c ≥ 2J + 2, 0 ≤ n1 ≤ r − 1, and 0 ≤ n2 ≤ r − 2.

dimF
(

S2J+1
Lr,i,J

)
j
= Er,i,J(j).

Therefore,

HP S2J+1
Lr,i,J

(q) =
∑
j≥0

Er,i,J(j)qj = Er,i,J(q).
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The ideals Lk and Lℓk

Let a, b, c, n1, n2, and ℓ be integers such that 1 ≤ ℓ ≤ r. We define the
following two ideals of Sk for k ≥ 2J + 1:

Lk :=
(
x2

2a−1, x2b−1xr−1
2b , xr−n1

2c xn1
2c+2 , xr−n2−1

2c x2c+1xn2
2c+2 :

2a − 1, 2b − 1, 2c ≥ k, 0 ≤ n1 ≤ r − 1, and 0 ≤ n2 ≤ r − 2)

and

Lℓk :=


(
xℓk, xℓ−1

k xr−ℓ+1
k+2 , xℓ−2

k xr−ℓ+2
k+2 , . . . , xkxr−1

k+2, xℓ−1
k xk+1xr−ℓ

k+2 ,

xℓ−2
k xk+1xr−ℓ+1

k+2 , . . . , xkxk+1xr−2
k+2, Lk+1

)
if k is even;(

x2
k , xkxℓ−1

k+1, Lℓk+1

)
if k is odd.

Lk and Lℓk are homogeneous ideals of Sk.
Sk
Lk

and Sk

Lℓk
are graded algebras.
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k+2 , xℓ−2

k xr−ℓ+2
k+2 , . . . , xkxr−1

k+2, xℓ−1
k xk+1xr−ℓ

k+2 ,

xℓ−2
k xk+1xr−ℓ+1

k+2 , . . . , xkxk+1xr−2
k+2, Lk+1

)
if k is even;(

x2
k , xkxℓ−1

k+1, Lℓk+1

)
if k is odd.

Lk and Lℓk are homogeneous ideals of Sk.
Sk
Lk

and Sk

Lℓk
are graded algebras.
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HP2J+1
i

We denote HP Sk
Lℓk

(q) by HPk
ℓ .

Note that Lr,i,J = Li
2J+1.

Therefore, S2J+1
Lr,i,J
=

S2J+1

Li
2J+1

.

Therefore,

HP2J+1
i = HP S2J+1

Li
2J+1

(q) = HP S2J+1
Lr,i,J

(q) = Er,i,J(q).

To prove
C(r−1)J+ℓ(q) = Er,i,J(q),

it is enough to prove that

C(r−1)J+ℓ(q) = HP2J+1
i

for any nonnegative integer J and 1 ≤ i ≤ r, where ℓ = r − i + 1.
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General recursion formula for HPk
ℓ

Lemma 27 (Barman-Ghosh-Singh (Submitted)).

Let J be a nonnegative integer. Let k, r, and ℓ be positive integers with r ≥ 2
and 1 ≤ ℓ ≤ r. Then for any odd k ≥ 2J + 1, we have

HPk
ℓ =

ℓ−1∑
j=1

q(k+1)j−1HPk+2
r−j+1 +

ℓ∑
j=1

q(k+1)(j−1)HPk+2
r−j+1.
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Recursion formula for HP2J+1
i

Lemma 28 (Barman-Ghosh-Singh (Submitted)).

Let J be a nonnegative integer, and r, i be integers with r ≥ 2, 1 ≤ i ≤ r.
Then we have the following recursion formula

HP2J+1
i =

r∑
j=1

NJ
i,j,(r−1)d+jHP2d+1

r−j+1,

where d ≥ J + 1. Here, the coefficients NJ
i,j,(r−1)d+j ∈ F[[q]] satisfy the

following recursion formula for 1 ≤ j ≤ r

NJ
i,j,(r−1)(d+1)+j = q2(d+1)(j−1)

r−j+1∑
m=1

NJ
i,m,(r−1)d+m + q2(d+1)j−1

r−j∑
m=1

NJ
i,m,(r−1)d+m

with the following initial conditions (for d = J + 1)

NJ
i,j,(r−1)(J+1)+j =


q2(J+1)j−1 + q2(J+1)(j−1) if 1 ≤ j ≤ i − 1;
q2(J+1)(j−1) if j = i;
0 if i + 1 ≤ j ≤ r.
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Recursion formula for C(r−1)J+ℓ

Lemma 29 (Coulson et al., Ramanujan J. (2017)).

Let J be a nonnegative integer and r, ℓ be integers with r ≥ 2, 1 ≤ ℓ ≤ r.
Then for d ≥ J + 1 we have the following recursion formula

C(r−1)J+ℓ =

r∑
j=1

MJ
ℓ,j,(r−1)d+jC(r−1)d+j.

Here, the coefficients MJ
ℓ,j,(r−1)d+j ∈ F[[q]] satisfy the following recursion

formula for 1 ≤ j ≤ r

MJ
ℓ,j,(r−1)(d+1)+j = q2(d+1)(j−1)

r−j+1∑
m=1

MJ
ℓ,m,(r−1)d+m + q2(d+1)j−1

r−j∑
m=1

MJ
ℓ,m,(r−1)d+m

with the following initial conditions (for d = J + 1)

MJ
ℓ,j,(r−1)(J+1)+j =


q2(J+1)j−1 + q2(J+1)(j−1) if 1 ≤ j ≤ r − ℓ;
q2(J+1)(j−1) if j = r − ℓ + 1;
0 if r − ℓ + 2 ≤ j ≤ r.
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Equality of the coefficients MJ
ℓ,v,(r−1)d+v and NJ

i,v,(r−1)d+v

To prove that HP2J+1
i = C(r−1)J+ℓ, where ℓ = r − i + 1, we prove that the

coefficients in the recursion formulae of HP2J+1
i (Lemma 28) and C(r−1)J+ℓ

(Lemma 29) are equal.

Lemma 30 (Barman-Ghosh-Singh (Submitted)).

For all d ≥ J + 1, r ≥ 2, and 1 ≤ v ≤ r, we have

MJ
ℓ,v,(r−1)d+v = NJ

i,v,(r−1)d+v,

where ℓ = r − i + 1.

Theorem 31 (Barman-Ghosh-Singh (Submitted)).

For r ≥ 2, 1 ≤ i ≤ r, and J ≥ 0, we have

C(r−1)J+ℓ = HP2J+1
i ,

where ℓ = r − i + 1.
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